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c(Ti, ∆i, ST−i ) +
∫ t
0
b(u, Su) du .
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b(u, Su) du +
∫ t
0



































































φ(ST ) Hn(ST ,
∂ST
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f : Rn → R
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f : Rn → R
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f : Rn → R
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D : S(n,1) → P(n,0)
B
rt¦
F = f(V1, . . . , Vn)
]j¨[]_!m
DiF := ∂if(V1(ω), . . . , Vn(ω)) = (
∂f
∂xi
)(V1(ω), . . . , Vn(ω)),
DF := (DiF )i≤n ∈ P(n,0) .
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pi(y) > 0 ,
:= 0
rt¦
pi(y) = 0 .
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U ∈ P(n,1)
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E (|δ(U)|p) < ∞ 
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i = 1, . . . , n














E(< DF, U >) = E(F δ(U)) ,
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L = δ(D) :
S(n,2) → S(n,0) :
LiF := DiDiF + θi DiF ,
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(∂i(∂if)(V1, . . . , Vn) + θi(Vi) (∂if)(V1, . . . , Vn)) .
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F, G ∈ S(n,2)
j¨[]_!m0i%m­r£^`^_!]r¤zj¨_!xAm]ik_&sPo]_&mu&_)x¦¹jl[]_¡]oY¢trtj¯h
ql_&¢£j¨rtxAm­·?¸åxAm]_%xAuj¨r£mui
E(F LG) = E(< DF, DG >) = E(G LF ) .
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 !  9 	 F, G ∈ S(n,2) 	#6 
L(F G) = F LG + G LF − 2 < DF, DG > .
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(V1, . . . , Vn) ,
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F = (F 1, . . . , F d) ∈ Sd(n,2)
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G ∈ S(n,1)    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i = 1, . . . , d













j − γjiF < DF






j = 1, . . . , d




























< Dφ(F ), DF j > γjiF
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−F j L(γjiF G) + G γ
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c(Ti, ∆i, STi−) +
∫ t
0
b(r, Sr) dr .
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|y|k ρ(y) = 0 
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(a, x) → c(t, a, x)
;
x → b(t, x)
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i) |c(t, a, x)| ≤ K (1 + |a|)α(1 + |x|)
|b(t, x)| ≤ K (1 + |x|)
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0 < u1 < . . . < un < T
2m]®å_]_!m]xj¨_
u = (u1, . . . , un)
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c(ui, ai, su−i ) +
∫ t
0













St = st(T1, . . . , Tn, ∆1, . . . , ∆n) ,
∂∆iSt = ∂aist(T1, . . . , Tn, ∆1, . . . , ∆n) ,
∂2∆j ,∆iSt = ∂
2
aj ,ai
st(T1, . . . , Tn, ∆1, . . . , ∆n) ,
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∂2aj ,aist = ∂
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∂xb(r, sr) ∂βsr dr .
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(a1, . . . , an) → ∂βst(u1, . . . , un, a1, . . . , an) ∈ C
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∫ T
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≥ η e−T K .
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= E (hn(T1, . . . , Tn) 1JT =n) ,
®(rtj¨[
hn(t1, . . . , tn)
=E
[
φ′(sT (t1, . . . , tn, ∆1, . . . , ∆n))
∂sT
∂β






t1, . . . , tn
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F = sT (t1, . . . , tn, ∆1, . . . , ∆n)
m]
G = ∂βsT (t1, . . . , tn, ∆1, . . . , ∆n)
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|∂aisT (t1, . . . , tn, ∆1, . . . , ∆n)|
2
≥ |∂ansT (t1, . . . , tn, ∆1, . . . , ∆n)|
2 ≥ η2e−2TK ,
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b(u, Su) du +
∫ t
0
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x → σ(u, x)
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C > 0
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i) |σ(u, x)| ≤ C (1 + |x|) ,




∣ ≤ C ,
iii) |σ(u, x)| ≥ η .
  _C®(rt¢£¢<]ql_!il_&mjnj¯®åx`¢©j¨_!qlmYjlrt¥_C¢t&o]¢to]iå¦DxAq5jl[]r£iå^xJ]_&¢Ò± Z[]_ YqkikjnxAm]_rti5Yik_&
xAmj¨[]_ EåqkxX®(mur¤m%^`xj¨rtxAmCxAm]¢©hmu%jl[]_¬il_!&xAm]xAm]_wrti Yil_!xm<xjl[%jl[]_ EåqlxW®(m]r£m
^xjlr£xAmm]j¨[]_¹ykou^)^u¢£rtjlo]]_!i&±¬gEou]Lxil_cjl[Yjåjl[]_¬ykou^)jlr£^`_&i
T1 < . . . < Tnql_nArt¥_&m­·Dr£m`j¨[]_Cd²xAmj¨_×Äµ¼5qk¢£xH¢£AxAqkrtjl[]^jl[]r£i»^_&m]i¬j¨[Yj»®å_ª[Y¥A_¢£ql_&uh`ilrt^¡Ä
o]¢¤jl_&
T1, . . . , Tn
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i = 1, . . . , n
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tm ≤ t < tm+1
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b(tk, Ŝtk)(tk+1 − tk) .
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b(tk, ŝtk) (tk+1 − tk) ,
·µ¸
®([]_&qk_®»_%[Y¥A_]_&m]xj¨_&h




Ŝt = ŝt(T1, . . . , Tk, ∆1, . . . , ∆k, ∆0W, . . . , ∆m(t)−1W ) ,
®([]_&qk_
∆kW = Wtk+1 − Wtk
±¹dxAql_!xX¥_&q(®å_[Y¥A_8B
∂∆i Ŝt = ∂ai ŝt(T1, . . . , Tk, ∆1, . . . , ∆k, ∆0W, . . . , ∆m(t)−1W ) ,
∂2∆j ,∆iŜt = ∂
2
aj ,ai
ŝt(T1, . . . , Tk, ∆1, . . . , ∆k, ∆0W, . . . , ∆m(t)−1W ) ,
∂βŜt = ∂β ŝt(T1, . . . , Tk, ∆1, . . . , ∆k, ∆0W, . . . , ∆m(t)−1W ) ,
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∂xb(tk, ŝtk) ∂∆iwŝtk δk ,
·Û¸
®([]_&qk_








































































∂2∆i ŝt + θ
J
i ∂∆i ŝt ,
LJ,W Ŝt = L
J Ŝt + L
W Ŝt .
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St = S0 −
∫ t
0







St = S0 +
∫ t
0
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u(0, S0) = E [φ(ST )|S0] .












































T ) 1JiT≥1 + φ
′(SiT )∂βS
i















ST = S0 e
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⇒ DiγT = 0
]¦DxAq(¢£¢
1 ≤ i ≤ n
±















σ e−r (T−Tj) ∆j .
}r£mY¢£¢thEouilr£mu`_!sPoYj¨rtxAm´·µW¸YxAm
(JT = n)






















(1 + σ ∆j) ,
ÅDÆÇ ÅDÈ
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(1 + σ ∆j) .
aªxjlr£&_jl[Yj¡r©¦










1 + σ ∆i
¦DxAq(¢£¢







































(1 + σ ∆j)2
= σ2 S2T Aσ
DiσT = (
2 σ3 S2T
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^u¢£rtjlo]]_!iwm]¶j¨[u_(jlr£^`_&i x¦Ljl[]_§yko]^`]iwj¨x%ikj¨j¨_(d²xAmjl_Äµ¼5ql¢£x%_!ikj¨rt^)zj¨xAq x¦<jl[]_
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St = S0 +
∫ t
0
r Su du +
∫ t
0
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H = (∆1, . . . , ∆n, WT )
± }2xq
¢£¢
i ∈ {1, . . . , n}






1 + µ ∆i
·ÒAA¸
DW (ST ) :=
∂ST
∂WT








i ST ) = 0





DNi (YT ) =
µ ST
S0 (1 + µ ∆i)














(1 + µ ∆j)2
+ σ2 S2T .
gJj¨qlr£A[jk¦DxAqk®åql	!xA^`]oujzj¨r£xm]iArt¥_
DNi (σT ) =
2 µ3 S2T
(1 + µ ∆i)
(Aµ −
1
(1 + µ ∆i)2
) +
2 σ2 µ ST 2
1 + µ ∆i
DW (σT ) = 2 σ µ
2 S2T Aµ + 2 σ
3 S2T
DNi (γT ) = −
DNi (σT )
σT 2
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]_&qkrt¥j¨r©¥A_!i)®(rtjl[:qk_&ikL_!!jj¨x jl[]_yko]^` ^u¢£rtjlo]]_!i&± ~¯m YAo]qk_+Pª®»_3&xA^`Yqk_
j¨[]_j¯®»x¢£xAqlr©j¨[]^`i&±Cd²xAql_!xW¥A_&q! r£m j¨]¢£_  © ÛN®»_¶Ar©¥A_jl[]_HsPo]xjlr£_&mj<_!j¯®»_&_!mGjl[]_
_&^`]r£qkr£¢ ¥qlr¤m]&_!ix¦jl[]_j¯®»x­¢£xAqlr©j¨[]^`i&±	~ jHjlo]qlmuixAoujj¨[Yzjj¨[u_)¥qlr£m]&_`x¦
j¨[]_MEåqlxW®(m]r£mEÄ©yko]^³¢tAxAqkrtj¨[u^ ·D]ql_!il_&mjl_& []_!ql_W¸¶r£i¡ik^)¢t¢£_!qHj¨[Ym j¨[u_¥qkr¤m]!_














   W
 E©X I Ù I  @ ÙA      A I  XE© I AJtX     A E @  I ©X uÙA EÙ
















 10000  20000  30000  40000  50000  60000  70000  80000
 Monte-Carlo Iteration
Delta of a Digital European Option, K=S0=100,T=3,r=0.1,σ=0.2,θ=0.2,λ=4
Malliavin delta without Loc
Privault Malliavin delta without Loc
Finite difference,ε=0.01








 10000  20000  30000  40000  50000  60000  70000  80000
 Monte-Carlo Iteration
Delta of a Digital European Option, K=S0=100,T=3,r=0.1,σ=0.2,µ=0.2,,λ=4
Malliavin delta without Loc
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[K − δ , K + δ]
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 10000  20000  30000  40000  50000  60000  70000  80000
 Monte-Carlo Iteration
Delta of a Digital European Option, K=S0=100,T=1,r=0.1,σ=20,λ=10
Malliavin delta without Loc
Finite difference,ε=0.01
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 10000  20000  30000  40000  50000  60000  70000  80000
 Monte-Carlo Iteration
Delta of a Call European Option, K=S0=100,T=1,r=0.1,a=20,σ=20,α=20,λ=10

















 10000  20000  30000  40000  50000  60000  70000  80000
 Monte-Carlo Iteration
Delta of a Digital European Option, K=S0=100,T=2,r=0.1,σ=0.2
Malliavin delta
Localised Malliavin delta, a=70
Finite difference,ε=0.1
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 Monte-Carlo Iteration
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